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Particle- and ﬁber-reinforced elastomers are an important class
of composite materials used in many industrial applications (rub-
ber tires, conveyor belts, solid rocket propellants) and in biological
tissues (arterial walls, ligaments, annulus ﬁbrosus, etc.). As in any
compositematerial, the effective properties depend on the behavior
and spatial distribution of phases and interfaces but robust and reli-
able models applicable to elastomeric composites have only ap-
peared recently. This contrasts with the tremendous progress
achieved over recent decades in modeling the effective properties
of polymer-, metal- and ceramic–matrix composites. Nevertheless,
the strong non-linear behavior of thematrix has made very difﬁcult
to obtain accurate predictions in the ﬁnite deformation regime, and
this task became more difﬁcult in the presence of damage.
In the particular case of ﬁber-reinforced elastomers (FRE), vari-
ous strategies have been used to model the effective properties.
The ﬁrst one is based on enriching the stored-energy function of
the hyperelastic matrix with additional terms which depend on
the transversely-isotropic invariants associated with ﬁber direc-
tion (Qiu and Pencel, 1997; Merodio and Ogden, 2005; Gasser
et al., 2006). The second uses the theory of homogenization and
an optimally-chosen ‘‘linear comparison composite” to transform
standard homogenization estimates for linear materials directly
into new estimates for the non-linear hyperelastic ones. The linear-
ization procedure uses ‘‘generalized” secant moduli that are inter-
mediate between the standard ‘‘secant” and ‘‘tangent” moduli ofll rights reserved.
: +34 913 366 680.the non-linear phases. In addition, the generalized moduli can de-
pend only on the volumetric averages of the ﬁelds in the phases
(Ponte-Castañeda and Tiberio, 2000) or also on the second mo-
ments of the ﬁeld ﬂuctuations (López-Pamiés and Ponte-Castañeda,
2006; Agoras et al., 2009). The third strategy for predicting the
behavior of elastomeric composites is computational microme-
chanics, in which the effective properties are obtained from
numerical analysis of the mechanical response of a representative
volume element (RVE) of the microstructure which explicitly takes
into account the spatial distribution of matrix and ﬁbers (Khisaeva
and Ostoja-Starzewski, 2006; Moraleda et al., 2007; Moraleda
et al., 2009). Finally, it is also worth noting the micromechancial
model of Guo et al. (2006) for ﬁber-reinforced elastomers with
Neo-Hookean phases and the estimate of the stored-energy func-
tion for a transversely isotropic FRE obtained by the construction
of a sequentially-coated composite by the successive lamination
of the previous composite with thin layers of the matrix phase
(deBotton, 2005).
The main objective of these models was to capture the effect of
the strong non-linear matrix behavior (and the associated evolu-
tion of the microstructure upon ﬁnite deformations) on the effec-
tive properties but they did not take damage into account. There
is, however, ample experimental evidence to prove the existence
of damage upon deformation in elastomeric composites by decohe-
sion at reinforcement/matrix interface or within the matrix near
reinforcing particles (Gent and Lindley, 1958; Cornwell and
Schapery, 1975; Vratsanos and Farris, 1993; Park and Schapery,
1997). Models to simulate and understand this behavior were
developed, however, within the framework of the small deforma-
tion theory (Vratsanos and Farris, 1993; Matous, 2003) and this
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tion regime, the most important for this class of materials. Zhong
and Knauss (1997) have carried out simulations which took into
account the non-linear behavior of the elastomeric matrix at large
strains and interface decohesion within the framework of compu-
tational micromechanics. Their work was focused, however, on
numerical issues (because of convergence problems) and did not
attempt to provide a coherent picture of the inﬂuence of interface
properties on the mechanical behavior of FRE. Similarly, Matous
and Geubelle (2006) developed a multiscale modeling framework
to study interface decohesion in reinforced elastomers subjected
to ﬁnite strains and presented examples involving simple unit cells
in order to illustrate the multiscale algorithm and demonstrate the
complexity of the underlying physical processes.
In this paper, the mechanical behavior of FRE made up of
aligned, rigid ﬁbers within an incompressible Neo-Hookean matrix
in the plane perpendicular to the ﬁbers is analyzed through com-
putational micromechanics, a well-known simulation strategy for
non-linear composites (LLorca et al., 1990; González et al., 2004;
Pierard et al., 2007). The simulations were carried out within the
framework of the ﬁnite element simulation of an RVE of the com-
posite microstructure and included the effect of ﬁnite deforma-
tions and of damage by interface decohesion. The results of these
novel simulations showed the effect of interface properties
(strength and fracture toughness) on the tensile deformation of
hyperlelastic composites and on the dominant deformation and
failure processes during deformation.2. Computational micromechanics model
2.1. Generation of the representative volume element
The microstructure of the FRE is taken into account in the
numerical model through a representative volume element (RVE)
which stands for the transverse section of the composite. The
RVE was two-dimensional as all the ﬁbers are aligned in the same
direction and the simulations are focussed on the behavior in the
plane perpendicular to the ﬁbers. Two RVEs were used in this
investigation. The ﬁrst one (Fig. 1a) was representative of a simple
microstructure, in which ﬁbers are placed at the corners of a
square grid. The second stands for a more realistic microstructure
which contains a random and homogeneous dispersion of the ﬁ-
bers within the matrix (Fig. 1b). For the reasons stated below, it
is assumed that the RVE is periodic and thus the microstructure
of either material can be obtained by translating the square RVE
along horizontal and vertical directions.Fig. 1. Representation of the microstructures of the ﬁber-reinforced elastomer, which
directions: (a) regular microstructure with the ﬁbers placed at the corners of a square gThe ﬁber distribution within the second RVE was generated
using the Random Sequential Adsortion algorithm (Rintoul and
Torquato, 1997), which ensures a random, isotropic and homoge-
neous distribution of the ﬁbers. The ﬁber diameter, d, was deter-
mined from the ﬁber volume fraction and the number of ﬁbers in
the RVE. The coordinates of the ﬁber centers are generated ran-
domly and sequentially. A new ﬁber was accepted if the distance
between the center of the ﬁber and the center of the closest ﬁber
generated previously was higher than a minimum value (1.035d)
chosen to ensure an adequate discretization of the ligament be-
tween the ﬁbers. In addition, the ﬁber surface should not be too
close ðP 0:05dÞ to the edges and corners of the RVE to prevent
the presence of distorted elements during meshing. Fibers inter-
secting the RVE edges were split into an appropriate number of
parts and copied to the opposite sides of the square RVE to create
a periodic microstructure.2.2. Discretization
Numerical analysis of the periodic RVEs was carried out using
the ﬁnite element model. The ﬁbers and the matrix were meshed
with quadratic triangles and the node positions on opposite faces
were identical in order to apply periodic boundary conditions.
Six-noded triangular modiﬁed hybrid elements (CPE6MH in
Abaqus (2008) were used for discretization. The hybrid version of
the quadratic triangles – which incorporates the pressure as an
independent variable that varies linearly within the element –
was used because of the matrix and ﬁbers’ incompressibility. The
modiﬁed version of this element contain two extra internal de-
grees of freedom corresponding to an internal node, which pro-
vides higher accuracy in reproducing the strain gradient in the
matrix between closely-packed ﬁbers. In addition, modiﬁed ele-
ments exhibit minimal shear and volumetric locking and are
robust during ﬁnite deformation. It should be noted that discreti-
zation was extremely ﬁne and a minimum of four element layers
was inserted between closely packed ﬁbers to accurately capture
the gradients of the strain ﬁelds between them. A typical model
comprised approximately 70,000 elements and analyses carried
out with ﬁner meshes (up to 140,000 elements) provided the same
results.
Fiber–matrix decohesion was included in the simulations by
inserting interface elements between them. The quadratic inter-
face element was developed following the strategy in (Segurado
and LLorca, 2004), is compatible with the CPE6MH quadratic trian-
gles in Abaqus, and was formulated to take into account large dis-
placements. It is made up of two quadratic curves that lie togetheris created by translating the central square RVE along the horizontal and vertical
rid and (b) random and homogeneous dispersion of the ﬁbers.
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adjacent elements deform (Fig. 2). The relative displacement of ele-
ment faces generates normal and shear stresses depending on the
constitutive equation of the cohesive crack, which is independent
of the element formulation. The interface element has 12 degrees
of freedom. Nodal displacements in the global coordinate system
are given by the 12  1 column vector dN
dN ¼ d1x d1y d2x d2y . . . d6x d6y
 T ð1Þ
and the relative displacement between paired nodes in the element
surfaces is given in global coordinates by the 18  1 column vector
DuN ,
DuN ¼ U612del ¼ I66jI66ð Þ612dN ð2Þ
where I66 is the identity matrix of rank 6.
Let /iðnÞ be the shape function for the node pair i ði ¼ 1; 3Þ,
where n stands for the natural element coordinate 0 6 n 6 1.
The relative displacement between the element surfaces at point
n can be interpolated as a function of relative displacement be-
tween paired nodes as
DuðnÞ ¼ DuxðnÞ
DuyðnÞ
 
¼ UðnÞDuN ð3Þ
where U is a 2  6 matrix given by
UðnÞ ¼ /1I22j/2I22j/3I22ð Þ ð4Þ
The shape functions of the interface element, which are compatible
with the modiﬁed 6-node triangular elements, are given by
/iðnÞ ði ¼ 1; 3Þ:/1 ¼ n if 1 6 n 6 0; /1 ¼ 0 otherwise
/2 ¼ 1þ n if 1 6 n 6 0; /2 ¼ 1 n if 0 6 n 6 1; /2 ¼ 0 otherwise
/3 ¼ n if 0 6 n 6 1; /3 ¼ 0 otherwise
8><
>: ð5Þand Eqs. (2) and (3) lead to
DuðnÞ ¼ UUdN ¼ U dN ð6Þ
where U is the 2  12 matrix which computes the relative crack
opening at any point of the interface element from the nodal
displacements.
Under the large displacement formulation, the local coordinate
system of the interface element in the deformed conﬁguration has
to be deﬁned to compute the current normal and tangential direc-
tions. Ortiz and Pandolﬁ (1999) used a reference surface given by
the middle points between the two (deformed) triangular surfaces
in three-dimensions. In our two-dimensional case, if the coordi-
nates of the interface element nodes at the initial conﬁguration
are given by the 12  1 vector xN , the reference line is deﬁned by
the coordinates of three points in the 6  1 vector xRN computedFig. 2. Interface element: (a) initial conﬁguration with zero thicknesby linear interpolation of the coordinates of paired nodes in both
surfaces in the deformed conﬁguration as
xRN ¼
1
2
I66jI66ð ÞðxN þ dNÞ ð7Þ
and the coordinates of one point in the reference line, xRðnÞ, are
computed from xRN using the shape functions of the interface ele-
ment given in Eq. (4),
xRðnÞ ¼ UðnÞxRN ð8Þ
Once the reference line is known, the local coordinate system in the
current conﬁguration (Fig. 2) is deﬁned by two perpendicular vec-
tors, with unit modulus, expressed by
t^ ¼ 1
@xR
@n
 
@xR
@n
n^  t^ ¼ 0 ð9Þ
where n^ is normal to the line and t^ is tangential to the reference
line. The 2  2 rotation matrix from the global coordinate system
to the current local one, R, is thus given by
R ¼ n^
T
t^T
 
¼ 1þ @y
@x
ðnÞ
 2" #1=2  @y
@x ðnÞ 1
1 @y
@x ðnÞ
 !
ð10Þ
Once the local coordinate system is deﬁned in terms of the global
one, it is possible to compute the nodal force vector and the tangent
stiffness matrix of the interface element. The nodal forces in the
interface element are given by a 12  1 vector, felN , computed as
felN ¼
Z 1
1
UTRTtlocJac dn ¼
X
j
xjUTRTtlocJac ð11Þwhere tlocis the 2  1 vector which provides the two components
(normal and tangential) of the tractions acting on the cohesive sur-
face in the current conﬁguration as a function of the relative dis-
placement between the element surfaces in local coordinates. Jac
is the Jacobian of the transformation between the natural coordi-
nates ðnÞ and cartesian coordinates in relation to the reference sur-
face in the current conﬁguration expressed as
Jac ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1
@/1
@n
þ x2 @/2
@n
þ x3 @/3
@n
 	2
þ y1
@/1
@n
þ y2
@/2
@n
þ y3
@/3
@n
 	2s
ð12Þ
and xj is the weight at Gauss point j to compute the integrals with
the Gauss method. Full integration of the element with 3 Gauss
points was implemented. The 12  12 tangent stiffness matrix for
the element, Kel, can be deﬁned ass and (b) deformed conﬁguration showing the reference surface.
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Fig. 3. Function rðkÞ. Notice the stiffness degradation upon unloading once the
maximum interfacial strength has been reached.
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el
N
@del
¼
Z
el
UT
@tloc
@Du
UdSel ð13Þ
and this leads to
Kel ¼
Z 1
1
UTRTClocRUJac dn ¼
X
j
xjUTRTClocRUJac ð14Þ
where Cloc is a 2  2 matrix deﬁned as
Cloc ¼ @tloc
@Duloc
ð15Þ
and Duloc ¼ RDu stands for the relative displacement between the
interface element surfaces in the current local coordinate system.
The element was programmed as a UEL subroutine in Abaqus/Stan-
dard and is open to any cohesive law given by tloc ¼ tlocðDun; DutÞ.
2.3. Constitutive equations
The hyperleastic matrix behaved as an incompressible Neo-
Hookean material. The corresponding stored-elastic energy func-
tion in plane strain, W, is expressed as a function of the deforma-
tion gradient F by
WðFÞ ¼ l
2
ðk21 þ k22  2Þ ð16Þ
where l stands for the initial shear modulus and k1; k2 are the prin-
cipal stretches along directions 1 and 2, respectively. The ﬁbers
were modeled as an incompressible Neo-Hookean material whose
initial shear modulus was 2000 times higher than the matrix’s.
From a practical viewpoint, this ensures that the ﬁbers behaved
as rigid solids in comparison to the matrix.
Progressive ﬁber–matrix debonding upon deformation was in-
cluded in the simulations through a cohesive crack model, in which
the normal and tangential stresses transferred by the interface were
derived from a potential U given by Tvergaard and Hutchinson
(1993), Segurado and LLorca (2005)
UðDun;DutÞ ¼ Duc
Z k
0
rðc0Þdc0 ð17Þ
where Duc is the critical normal (or tangential) displacement be-
tween the crack surfaces at which all interaction vanishes. c is the
generalized crack opening displacement expressed as
c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dun
Duc
 2
þ Dut
Duc
 2s
ð18Þ
The function rðcÞ (which stands for the normal stress transferred
through the crack in the absence of tangential displacements) is
plotted in Fig. 3. The interface behavior is given by the interface
strength, tc , and the fracture energy, Ci, which is the area enclosed
under the rðcÞ function
Ci ¼ 12 tc Duc ð19Þ
The cohesive model also included the progressive degradation of
the interface stiffness and strength once the maximum interfacial
strength was reached, as indicated in the unloading and reloading
paths of Fig. 3. The initial stiffness Ki is a numerical parameter ad-
justed to ensure that the presence of the interface elements does
not perturb the stress ﬁelds around the ﬁbers in the absence of
damage.
2.4. Analysis
Periodic boundary conditions were applied to the edges of the
square cell because the continuity between neighboring RVEs(which deform like jigsaw puzzles) is maintained and, in addition,
because the effective behavior derived under these conditions is
always bounded by those obtained under imposed forces or dis-
placements (Hazanov and Huet, 1994; Khisaeva and Ostoja-
Starzewski, 2006). Let x and y be the Cartesian coordinates corre-
sponding to axes parallel to the RVE edges and with origin at the
lower left corner of the RVE, and uðx; yÞ the displacement vector
at a point with coordinates (x,y) (Fig. 2). The periodic boundary
conditions can be expressed in terms of the displacement vectors
u and v, which stand for the relative displacement between oppo-
site edges, according to
uðx;0Þ  um ¼ uðx; LÞ
vð0; yÞ  vm ¼ vðL; yÞ
ð20Þ
where L is the edge length. Any homogeneous state of deforma-
tion can be simulated by adequately choosing the magnitude of
um; vm. Uniaxial traction along the 1 axis is obtained with um ¼
ððk1  1ÞL; 0Þ and the average Biot stress S11 normal to the edge
x=0 of the square cell was computed as the total force divided by
the initial edge length. The displacement along the y axis vm ¼
ð0; ðk2  1ÞLÞ was obtained from the condition S22 ¼ 0.
Simulations were carried out with Abaqus/Standard (Abaqus,
2008) under plane strain conditions and within the framework of
the ﬁnite deformations theory with the initial unstressed state as
reference. It should be noted, however, that the combination of
the strong non-linear matrix behavior and of interface decohesion
often led to the occurrence of snap-back in the load–displacement
curve of the model, e.g. the simultaneous reduction of the load and
of the displacement at the load point. Neither load-controlled nor
displacement-controlled boundary conditions can be used with
the standard non-linear Newton–Raphson scheme to obtain the
whole load–displacement curve of the model under such condi-
tions, and sophisticated control algorithms are normally used.
The modiﬁed Riks method (Crisﬁeld, 1986) is available in Abaqus
to deal with this kind of problem, but it does not always converge,
particularly if the curvature of the load–displacement curve is very
high.
Another control strategy, which relies on ﬁnding a variable that
increases monotonically during the whole loading history was
used in these simulations (Segurado and LLorca, 2004). For in-
stance, the crack opening displacement is a good choice if there
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interface cracks throughout the model may lead to the closing of
one crack during deformation as a result of local relaxations caused
by the redistribution of stresses. A better variable was presented by
Segurado and LLorca (2004), who used the sum of the relative
openings of all the interface elements in the model along the main
loading direction to control the problem. The details of the numer-
ical technique can be found in Segurado and LLorca (2004) and are
not given here for the sake of brevity. As shown below, this control
strategy was able to capture the load–displacement curve in prob-
lems which showed marked snap-backs due to ﬁber–matrix deco-
hesion, although it increased the computing time because the
global stiffness matrix becomes not symmetric.3. Results
The tensile deformation perpendicular to the ﬁber direction was
studied in elastomeric composites with 30% volume fraction of ﬁ-
bers. Two microstructures containing either regular (Fig. 1a) or
random (Fig. 1b) ﬁber distributions were analyzed. The initial ma-
trix shear modulus, l, was taken as equal to 1 MPa, a representa-
tive value for an elastomeric material. Fiber radius was 1 mm, a
typical value of metallic wires which are often used as reinforce-
ment of elastomers. The interface behavior was controlled by its
strength tc and fracture energy, Ci. Reasonable values for these
parameters can obtained from crack propagation experiments at
metal–elastomer interfaces reported in literature (Liechti and
Wu, 2001; Sorensen, 2002; Zhu et al., 2009). These studies pro-
vided rate-independent mode I traction-separation laws for the
interface behavior (Liechti and Wu, 2001; Sorensen, 2002) but
more detailed investigations have addressed the effect of deforma-
tion rate and distinguished between mode I and mode II fracture
energies (Zhu et al., 2009). The maximum stress transferred
through the cohesive crack under quasi-static deformation was
found to be in the range 0.5–4 MPa, although higher normal and
tangential stresses were estimated at high strain rates. These mag-
nitudes are in agreement with the classic work of Gent and Lindley
(1958), who carried out a systematic study of the development of
interface cracks in rubbers reinforced with carbon black. They
found that the tensile stress necessary to nucleate a crack was of0
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Fig. 4. Inﬂuence of the interface strength on the tensile deformation of a ﬁber-reinforced
by the initial matrix shear modulus l) vs. the applied stretch k1, (b) evolution of damagthe order of the rubber initial elastic modulus ð 3lÞ and indepen-
dent of the rubber strength. This result was rationalized in terms of
a local geometrical instability which leads to the unstable growth
of small pre-existing cavities or cracks in the rubber. Obviously,
the tensile stress necessary to attain the critical condition de-
creases in the presence of positive hydrostatic stresses near the ﬁ-
ber/matrix interface, leading to the growth of voids in these
regions from microscopic pre-existing defects at or near the inter-
face. Following these estimations and in the absence of more pre-
cise data, it was assumed that the interface strength tc was in the
range 1–8 MPa. The mode I interface fracture energy at metal–elas-
tomer interfaces under quasi-static deformation was in the range
0:5—6 kJ=m2, depending on the particular metal–elastomer system
considered (Liechti and Wu, 2001; Sorensen, 2002; Zhu et al.,
2009). Fracture energy in mode II was only slightly higher than
in mode I under quasi-static deformation (Zhu et al., 2009) and it
was assumed in this parametrical study that they were equal and
in the range 0:25—4 kJ=m2.
3.1. Regular microstructure
The effect of interface strength (at constant interface fracture
energy) and of interface fracture energy (at constant interface
strength) on the tensile deformation was systematically studied
in the composites with regular microstructure (Fig. 1a). The effect
of the interface strength on the stress–stretch curves is plotted in
Fig. 4a for a composite with Ci ¼ 1 kJ=m2. The curve corresponding
to the composite without damage is also plotted for comparison.
The evolution of damage for the composites with different inter-
face strength can be found in Fig. 4b, in which the third strain
invariant Jð¼ det F ¼ k1k2k3Þ is plotted as a function of the applied
stretch. J ¼ 1 in the absence of damage as matrix and ﬁbers are
incompressible, and the volumetric strain induced by the growth
of interfacial voids can be traced with the evolution of J during
deformation. It is obvious from these plots that the onset of dam-
age in the regular composite was controlled by the interface
strength. Interface cracks were nucleated at the equator of the ﬁ-
bers, where the normal tensile stress at the interface was maxi-
mum, and propagated along the interface towards the pole of the
ﬁbers. The shape of the stress–stretch curve and of the interface
voids also depended on the interface strength. If the interface1
1.1
1.2
1.3
1.4
1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8
8
6
4
2
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J
1
tc / µ
elastomer with regular microstructure: (a) average nominal stress S11 (normalized
e (as given by J) with the applied stretch k1  Ci ¼ 1 kJ=m2.
Fig. 5. Contour plot of the Cauchy stress along the stretching direction (normalized
by the initial matrix shear modulus), r11=l: (a) composite with tc ¼ 8 MPa and
Ci ¼ 1 kJ=m2 stretched at k1 ¼ 1:36 and (b) composite with tc ¼ 1 MPa and
Ci ¼ 1 kJ=m2 stretched at k1 ¼ 1:44.
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trix at the onset of damage was used to propagate the interface
crack, leading to the snap-back instability in the S11  k1 curve. In
addition, the length of the decohered zone at the ﬁber–matrix
interface was limited and the void grew perpendicular to the ﬁber
(Fig. 5a). Conversely, the elastic energy stored in the matrix at the
onset of damage was not large enough to propagate the crack if the
interface strength was low. The energy necessary to propagate the
interface crack has to be supplied by the external forces and the ap-
plied stretch increased continuously during deformation. The
stress–stretch curve presented a maximum and the load carried
by the composite decreased afterwards as a result of the progres-
sive ﬁber–matrix decohesion upon deformation (Fig. 5b).
The effect of the interface fracture energy (at constant interface
strength) for the composite with regular microstructure is plotted0
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Fig. 6. Inﬂuence of the interface fracture energy on the tensile deformation of a ﬁber
(normalized by the initial matrix shear modulus l) vs. the applied stretch k1 and (b) evin Fig. 6. All the stress–stretch curves are superposed up to the on-
set of damage, which is controlled by the interface strength and
independent of the interface fracture energy (Fig. 6b). Beyond this
point, the curves for the damaged materials deviated rapidly from
the one corresponding to the composite without damage and the
shape of the curves depended on the interface fracture energy.
Brittle interfaces led to the development of a snap-back instability,
while tough interfaces led to the development of a plateau which
indicated that a lot of energy was necessary to propagate the crack
along the interface. The shapes of the interface voids created in
these brittle and ductile composites was equivalent to those de-
picted in Fig. 5 and they are not plotted here for the sake of brevity.
Damage in brittle composites tended to be localized near the equa-
tor of the ﬁbers, where the normal stresses at the interface were
maxima, while interface cracks grew along the interface from the
ﬁber equator and spread the damage around the ﬁber in ductile
materials.3.2. Random microstructure
The results presented in the previous section clearly show the
inﬂuence of interface properties on the nucleation and growth of
interface damage. However, the overall mechanical response of ﬁ-
ber-reinforced elastomers is different from the stress–stretch
curves in Figs. 4 and 6 because ﬁbers are not located in a regular
pattern in real composites. This is a well-known result, particularly
in uniaxially-reinforced composites loaded perpendicularly to the
ﬁbers (Brockenbrough et al., 1991), and the analyses in this section
are aimed at overcoming this limitation through simulations on
RVE containing a random and homogeneous dispersion of ﬁbers.
One important issue is the critical size of the RVE to ensure that
the predictions of the mechanical behavior are close enough to the
‘‘exact” solution of the problem in the limiting case d  L. Rigorous
estimates for the critical size of the RVE have only been established
within the framework of linear elasticity (Monetto and Drugan,
2004), which have shown that errors in the range of 2% are ob-
tained if L=d > 5. Unfortunately, such estimates are not available
for non-linear cases, but recent numerical studies have shown that
predictions of the maximum load with the same degree of accuracy
can be obtained with RVEs containing 30–50 ﬁbers or spherical1
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which included damage by interface decohesion (Segurado and
LLorca, 2005, 2006; Ostoja-Starzewski et al., 2007; González and
LLorca, 2007; Totry et al., 2008). Numerical estimations of the crit-
ical RVE size in FRE deformed perpendicularly to the ﬁbers were
presented in Khisaeva and Ostoja-Starzewski (2006). They showed
that very good approximations (to a few percent) can be obtained
for the most important parameters (stress–strain curve, initial
shear modulus, stored strain energy) if L=dP 16 and this ratio
could be reduced up to 4 by using mixed boundary conditions
(which always provide results bounded by those obtained under
imposed forces or displacements). Following these guidelines,
two sizes of RVE with 30 and 60 ﬁbers were used in a previous
investigation of the mechanical response of FRE (Moraleda et al.,
2009), which correspond L=d ¼ 8:8 and 12:5, respectively. Three
different ﬁber realizations were generated for each RVE size and
the corresponding stress–stretch curves were practically super-
posed for the RVEs with 60 ﬁbers while the differences among
the RVEs with 30 ﬁbers were small. Following these previous re-
sults, RVEs with 60 ﬁbers were selected in this investigation, and
the stress–stetch curves obtained with three different ﬁber realiza-
tions in a FRE with tc ¼ 2 MPa and Ci ¼ 1 kJ=m2 are plotted in
Fig. 7. They were practically superposed in the whole deformation
range, indicating that the numerical results were independent of
the ﬁber distribution in the RVE. It should be noted, however, that
the maximum stretch attained in the simulations was controlled
by the distortion of the ﬁnite elements and many simulations ﬁn-
ished before the maximum load was reached.
The effect of the interface strength of the tensile deformation of
FRE with a random microstructure is shown in the stress–stretch
curves plotted in Fig. 9a for Ci ¼ 1 kJ=m2. The stress–stretch curve
corresponding to the composite with a perfect interface is also
plotted for comparison. The onset of damage was controlled by
interface strength, as shown clearly in the evolution of the third
strain invariant J with the applied stretch (Fig. 9b), and the behav-
ior after this point depended on the interface strength. Below a gi-
ven threshold for tc (which was around 3l for this particular value
of Ci ¼ 1 kJ=m2), the slope of the stress–stretch curve decreased
and the volumetric strain increased continuously. This smooth
behavior was correlated with the development of damage, which
was spread throughout the microstructure, as shown in Fig. 10a.Conversely, the stress–stretch curves for the composites with
tc P 3l presented a sawtooth shape after the onset of damage,
which was due to the individual fracture events. This is shown
more clearly in Fig. 9c, which depicts the effect of individual inter-
face fracture events on the behavior of the composite with tc ¼ 4l
and Ci ¼ 1 kJ=m2. Interface fracture led to a snap-back instability in
the stress–stretch curve while the third strain invariant grew con-
tinuously due to the nucleation of interface voids. Previous simula-
tions of the tensile deformation of FRE (Moraleda et al., 2009) have
shown that the deformation in the matrix tends to localize upon
deformation in thin matrix strips which link ﬁbers aligned in the
stretching direction (Fig. 9b). The Cauchy stress along the stretch-
ing direction in these regions reaches very high values and triggers
interface fracture. Once the interface at the highest loaded ﬁber
was suddenly broken, the stress release due to the propagation
of the interface crack led to a snap-back in the stress–stretch curve.
The load carried by the composite increased upon further stretch-
ing until the next ﬁber/matrix interface was broken and the pro-
cess was repeated. This is clearly shown in Fig. 9b, in which the
broken interfaces are marked with a black circle.
Although the analyses did show the differences in the damage
patterns between FRE with weak or strong interfaces, the control
strategy used in the numerical simulations was able to capture a
few successive fracture events but it could go no further in many
cases. So, the analyses did not always provide an estimation of
the maximum load carrying capacity of the FRE. Nevertheless, one
of the simulations in Fig. 7 showed a well-deﬁnedmaximumwhich
was followed by a noticeable reduction in the stress. The contour
plot of Cauchy stress along the stretching direction (normalized
by the initial matrix shear modulus), r11=l is depicted in Fig. 10a
and b for this particular RVE at the maximum load ðk1 ¼ 1:37Þ
and beyond ðk1 ¼ 1:40Þ. This plots clearly shows that the stress
drop after themaximumwas due to the localization of the deforma-
tion in a matrix-rich region in which voids nucleated from broken
interfaces grew rapidly without any constriction induced by the
presence of neighbor ﬁbers. Thus, while the actual ﬁber distribution
does not seem to be a dominant factor to determine the effective
properties of the FRE, it does have a signiﬁcant impact to control
the onset of localization and thus the maximum load.
The inﬂuence of the interface fracture energy on the stress–
stretch curve is plotted in Fig. 11a where the interface strength
was held constant and equal to 2l). Interface fracture began at
the same applied stretch but the evolution of damage was con-
trolled by the interface toughness. If the interface was tough,
ðCi P 1000 kJ=m2Þ, interface fracture was spread homogeneously
throughout the microstructure and the damage pattern was equiv-
alent to that depicted in Fig. 9a. The corresponding volumetric
strain (as given by J) grew continuously with the applied stretch
in all cases (Fig. 11b) but it should be noted that large variations
in the interface toughness (between 1 and 4 kJ/m2) led to very
small differences in the maximum load carrying capacity of the
composite. As the interface became more brittle, the damage pat-
tern changed. Interface fracture was discontinuous, beginning at
the regions in which strain localization in the matrix increased
the stresses acting on the ﬁber/matrix interface.
At this point, it should be very interesting to compare the
stress–stretch and dilatancy-stretch curves in Figs. 8 and 9 with
experimental data. However, there are not experimental results
available – to the authors’ knowledge – of the mechanical behavior
of ﬁber-reinforced elastomers subjected to transverse tension
which fail by interface decohesion. The closest available results
were reported by Vratsanos and Farris (1993) in composites made
up of 24 vol.% of glass beads dispersed in a polyuretane elastomer.
Two different glass/matrix interfaces were obtained as the glass
beads were or were not treated with a silane agent before process-
ing. Basically, the experimental stress–strain and dilation-strain
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the strain for the onset of damage and the composite strength in-
creased with the interface strength. In addition, the dilatancy of the
composite with weaker interface grew rapidly upon deformation
and the volumetric strain at failure was much higher than that of
the composite with a strong interface, indicating the damage by
interface decohesion was widespread in the microstructure in
the composite with a weak interface.
4. Conclusions
The deformation of FRE subjected to tensile deformation per-
pendicular to the ﬁbers was studied using computational microm-
echanics. The mechanical behavior was determined through the
ﬁnite element analysis of an RVE of the composite microstructure.
The simulations took into account the effect of ﬁnite deformations
as well as of damage by decohesion at the ﬁber/matrix interface.
FREs with two different ﬁber distributions were studied. The ﬁrst
one assumed that ﬁbers were distributed regularly in a square lat-tice. This conﬁguration led to symmetric damage patterns not
found in actual FRE, but they provided very clear information on
the effect of interface properties on the composite behavior. Under
these conditions, damage was nucleated at the equator of the ﬁbers
and the onset of damage depended on the interface strength. If the
interface toughness was low, crack propagation along the interface
was driven by the elastic energy stored in the composite. The ten-
sile stress–stretch curve presented a snap-back instability and the
maximum load carried by the composite was also controlled by the
interface strength. If the ﬁber/matrix interface was tough, the en-
ergy necessary to propagate the interface crack had to be supplied
by the external forces and the applied stretch increased continu-
ously during deformation. Simulations in FREs with different inter-
face toughness and equal interface strength showed that the shape
of the stress–stretch curve after the onset of damage was con-
trolled by the interface toughness but that the tensile strength of
the composite depended mainly on the interface strength.
FRE with more realistic microstructures were analyzed through
the simulation of RVEs containing a random and homogeneous
Fig. 9. Contour plot of the Cauchy stress along the stretching direction (normalized by the initial matrix shear modulus), r11=l: (a) composite with tc ¼ 1 MPa and
Ci ¼ 1 kJ=m2 stretched at k1 ¼ 1:32 and (b) composite with tc ¼ 4 MPa and Ci ¼ 1 kJ=m2 stretched at k1 ¼ 1:34.
Fig. 10. Contour plot of the Cauchy stress along the stretching direction (normalized by the initial matrix shear modulus), r11=l for the RVE in Fig. 7 which showed a well-
deﬁned maximum: (a) k1 ¼ 1:37, corresponding to the maximum in S11 and (b) k1 ¼ 1:40.
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curves followed the pattern described above for the composite
with regular microstructure: the onset of damage was controlled
by the interface strength and the behavior beyond this point was
controlled by the interface toughness. Composites with a brittle
interface show a marked snap-back while tough interfaces led to
a ‘‘graceful” failure with the applied stretch increasing continu-
ously upon deformation. The progression of damage within the
microstructure was different in these two situations. If the inter-
face strength was high and the interface toughness low, interface
fracture began at ﬁbers aligned in the stretching direction because
the deformation in the matrix was localized in these regions upon
deformation. The corresponding Cauchy stress in the matrix per-
pendicular to the interface reached very high values and triggered
interface fracture, and damage progressed by means of successive
interface fracture events in different regions of the RVE. Con-
versely, if the interface toughness was high and the interface
strength low, damage was nucleated homogeneously throughout
the microstructure as the critical condition for crack initiation
was attained before the strain localization in the matrix took place.
From the practical viewpoint, these simulations indicate that the
transverse strength of ﬁber-reinforced elastomeric composites is
mainly controlled by interface strength while the overall energy
dissipation capability depends on the interface toughness.
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